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Comparison of Various Orthogonal Polynomials in /p-Version
Time Finite Element Method

Sungho Park* and Rakesh K. Kapania®
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0203

Four types of orthogonalpolynomials—Legendre, Chebyshev, Hermite, and integrated Legendre—are evaluated
as basis functions in the time finite element method to solve initial value problems governed by second-order
differential equations. Condition numbers of the augmented stiffness matrix for the selected problems are estimated
by increasing the number of polynomial terms in the expansion. Results for the CPU time using an IBM 3090-
300E/VF computer and the estimated condition numbers, using IMSL subroutine DLFCRG, for each of four basis
functions are presented. The augmented stiffness matrix for the case of integrated Legendre polynomialsis found to
have the best condition number behavior, and that for the Hermite polynomial the worst. The integrated Legendre
polynomials require the most CPU time, whereas the Chebyshev polynomials require the least.

Introduction

N recent years, the time finite element method has emerged as a

viable approach for studying the transient response of systems,
i.e., for solvinginitial value problems. Most works attempted to use
Hamilton’s principle as a starting point for the finite element formu-
lation of initial value problems. In search for an alternative formu-
lation for finding the response and sensitivity of transient problems,
Kapania and Park,!"2 in a recent study, extended the bilinear for-
mulation suggested by Peters and Izadpanal® for linear undamped
systems to linear and nonlinear, damped and undamped systems.
The bilinear formulation in the time domain benefits from the large
foundation of mathematical theorems* and knowledge already de-
veloped for the p-version finite element method® It has been im-
plemented to study various aspects of stress analysis and has shown
very good results, including problems with steep gradients. In the
p-version, the domain of interestis divided into convex subdomain,
and the polynomial approximants are piecewise smooth only over
individual convex subdomains. This gives a greater versatility and
higher rate of convergence.

However, most previous works were concentrated on theoreti-
cal aspects with less emphasis on computational ones. Rossow and
Katz® demonstrated the computational efficiency obtainable using
hierarchicalnodal variablesand precomputed arrays. They obtained
computation times for the element stiffness matrix for several dif-
ferent problem types and polynomial orders, and the results were
compared with previouslyavailableresults. Carnevaliet al.” showed
the sparsity patterns and conditioning of the stiffness matrix by us-
ing several types of the new basis functions in three-dimensional
linear elastostatics and dynamics. For providing better sparsity and
conditioning properties, they used the hierarchical basis functions
for the p-version finite element, which satisfy the completenessand
convergence as the polynomial order increased.

For initial value problems, the p-version time finite element
method can also be used for solving multi-degree-of-freedam prob-
lems and mixed initial value and boundary value problems. The
methodyields an excellentapproximationby using a relatively large
time step size. Problems treated by Kapania and Park®> were the
transient response and the response sensitivity of the van der Pol
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oscillator, mass on a hardening and a softening spring system, and
a two-degree-of-freedom system having cubic nonlinearities. For
all of the cases studied, the results were obtained using Legendre
polynomials as basis functions. The results were also obtained us-
ing other polynomials, namely, Chebyshev, Hermite, and integrated
Legendre polynomialsas basis functionsbut without any significant
differencein the accuracy. The objective of this study is to compare
the performanceof these polynomialsin terms of the conditionnum-
ber of the resulting matrices and the CPU time required for solving
the resulting set of nonlinear equations.

Bilinear Formulations
The differential equation describing a nonlinear oscillatory sys-
tem over a given length of time, Ty < ¢ < T, may have a general
form:

(D

where g may be a nonlinear functionof u and u. Also u, 1, and ii are
functions of time 7. The vector x; denotes design parameters of the
system. The bilinear formulation' =3 of Eq. (1) yields an expression
of the form

gu, u, i, t, x) =0

&g, x) =0 2
where the vector ¢; denotes the generalized coordinates.
Equation (2), at times, may be written as
g=A—Bg=0 3)

where A; is the load vector and B;; is the nonlinear stiffness matrix

and a functionof generalizedcoordinates. Furthermore, the sensitiv-

ity of the transientresponse of a nonlinearsystem can be obtained by

taking the derivative of Eq. (3) with respect to design parameter x;.
The result may be expressed as

04, & 0B N[ oq; < 0B;; \oq,
— -2 g, -2 | X By=L+2 —g; =0
ox =1 ox; m=1\j=1 ]aqm jzlaqm ) oxy
)
This reduces symbolically, in the matrix form, as
oq; 0B;; oa;
B|d =Lt 4+ | — =1t 5
[ l]]{axk} |:axk ta;} 0x; ®)
where
N
aBim
Bi =B+ n (6)
m=1 aq]

As shown earlier, the nonlinear stiffness matrices B and B* are not
generally equal in the nonlinear system.
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By adding an initial condition and imposing a constraintin the
form of Lagrange multipliers, the augmented stiffness matrix B for
the transientresponse may be expressed in matrix form as

_ B (T

B [ {wi( f)}:| 7
(x; (To)) 0

whereas the augmented stiffness matrix B’ for the response sensi-

tivity may be expressed as

(T
{wi( f)}:| ®)

E*—[ B
L) 0

where y;(f) and x;(¢) are polynomial basis functions for test and
trial functions, respectively.In Eq. (8), { } denotes the column vector
and () denotesthe row vector. In the case of two-degree-of-freedom
systems, the augmented stiffnessmatrixB;;, derived for the first time
in Ref. 8, for the transient response may be expressed as

B" 0 {wi(T))} 0

B 0 B® 0 {wi(Ty)} )
(x;(To)) 0 0 0
0 (x;(Ty)) 0 0

whereas the augmented stiffness matrix B;. for the response sensi-
tivity takes the form '

BV B y(T) 0

B* — B*(ZI) B*(ZZ) 0 {Wl(Tf)} (10)
(x;(To)) 0 0 0
0 (x;(Tp)) 0 0

The detailed derivation of the various elements in Egs. (8-10) for
the two-degree-of-freedom system considered here is provided in
Ref. 8.

Basis Functions
Because one goal of the computational method is the computa-
tional simplicity, one choice for the basis function is polynomials.
Basically the orthogonal polynomials® are selected to have simplic-
ity in the computation and well behavedness of the stiffness matrix.
The orthogonality has less effect on the computation due to the
nature of the formulation. Four sets of orthogonal polynomials—
Legendre, Chebyshev, Hermite, and integrated Legendre—are se-
lected as basis functions, each defined over the range —1 < # < 1.
In integrated Legendre polynomials, the first and second terms are
linear combinations of the first two integrals of Legendre polyno-

mials:
LI(t)y=(1—-1)/2, L(t)y=(1+1)/2 (11)
The rest of the polynomials /,(t) are found using the following

relationship'’:

1,(t) = [Pi-1(t) = Py 5(D)], nz3 (12)

1
V221 —3)

where P,(t) denotes Legendre polynomials.

Numerical Results

Condition numbers of the augmented stiffness matrix for the se-
lected problems are estimated by increasing the number of poly-
nomial terms in the expansion. Results for the CPU time and the
estimated condition numbers for each of four basis functions are
presented. Condition numbers for the response sensitivity are al-
most the same as those for the transient response case, and so the
results are shown only for the transient response case. The CPU
time for the selected problems required only 1-2 s (except in the
case of van der Pol’s oscillator). Those resultsare not presented here.
To estimate the condition numbers, the IMSL subroutine DLFCRG

was used. All the computations were performed on an IBM 3090-
300E/VF running under VM/CMS operating systems. The detailed
derivations of the used nonlinear stiffness matrices for the three
single-degree-of-frealom system examples are given in Ref. 1 and
those for the two-degree-of-freedomsystem in Ref. 8.

van der Pol’s Oscillator
Consider a nonlinear van der Pol’s equation'! with a large param-
eter € given by

(1) + €fu(t)® — 1u(r) + u(r) =0

€=5.0, 0<t=<20 (13)

with initial conditions

u(0) = 2.0, 1(0) =0.0

The response of van der Pol’s equation for a large parameter €
shows a slow buildup followed by a sudden discharge, repeated
periodically. Condition numbers of the augmented stiffness matrix
were estimated by varying the order of polynomialsfrom 3 to 8 with
fixed time steps of A + = 0.005. Results of the estimated condition
numbers and the CPU time are presented in Fig. 1 and Table 1,
respectively. From the results shown in Fig. 1, condition numbers
are generally increasing along with the order of polynomials,except
for the case of integrated Legendre polynomials. For the latter case,
they are independentof the polynomial order.

Condition numbers obtained using Hermite polynomials of de-
grees 6—8 show extremely high values compared with the condi-
tion numbers obtained for other polynomials. This is because the
numerical values of diagonal terms are getting larger whenever a
polynomial term is added in the expansion for the basis function
(see Appendix B). The condition numbers for the case of integrated
Legendre polynomials consistently have far smaller values. This

Table1 CPU time for calculating transient response
and response sensitivity: van der Pol’s oscillator

N* Legendre Chebyshev Hermite Integrated Legendre
3 6.0(9.0) 5.0(8.0) 6.0 (8.0) 7.0(12.0)
4 6.0(12.00 6.0(11.00 6.0(11.0) 8.0 (17.0)
5 7.0(17.00  7.0(14.00  7.0(15.0) 9.0 (24.0)
6 9.0(23.00 8.0(19.00 8.0(21.0) 12.0(33.0)
7 11.0(30.00 9.0(25.0) 10.0(27.0) 14.0 (44.0)
8 13.0(39.0)0 11.0(32.0) 12.0(36.0) 17.0(57.0)

20rder of polynomials.

1.0e+12
—e— Integrated Lengendre polynomials
—e— [ egendre polynomials
—=— Chebyshev polynomiais
—<=— Hermite polynomials
_1.0e+10 ~ -
e /
@
(53
w
o
o
=21.0e+8 / e
w
B
[
£0
£
=
=
<1.0e+6 -
2
=
E ]
S
S //.//‘/
O ///1//_.
1.0e+4 ‘/ :
1.0e+2 g
3 4 5 6 7 8

Order of Polynomials

Fig.1 Conditionnumbers of augmented stiffness matrix: van der Pol’s
oscillator.



PARK AND KAPANIA 653

is because the numerical values of diagonal terms in the stiffness
matrix remained the same even after polynomial terms were added
to the basis function expansion (see Appendix B). Condition num-
bers obtained using Legendre and Chebyshev polynomials show a
similarbehaviorbutwith a little higher values for the Legendre poly-
nomials. Note that the augmented stiffness matrix using Chevyshev
polynomials is not sparse as is the case for Legendre polynomi-
als. This is due to nonuniform weights being used for Chevyshev
polynomials.

Table 1 presents the required CPU time for calculating the tran-
sient response and the response sensitivity (in parentheses) of the
given system. Note that the computationtime is increasingas the or-
der of polynomialsincreases. The integrated Legendre polynomials
require more computation time as compared with the other poly-
nomials. This is expected because an integration process is needed
for generatingintegrated Legendre polynomials, whereas others are
generated by appropriate recurrence procedures.

Mass on a Nonlinear Hardening Spring
Considera damped oscillation of a mass on a nonlinearhardening
spring over a given length of time, 0 < ¢ < 5, which is defined by

Mii(t) + Cu(t) + Ku(t) + uu(t)®> = 0.0 (14)
with initial conditions

u(0) = 1.0, 1(0) =0.0

for the following values of system parameters:

M =1.0, C =40, K =400.0, u=1.0

The domain, 0< ¢ <5, is divided into 50 elements of equal time
steps. Condition numbers were estimated by varying the order of
polynomials from 3 to 8. Results for the estimated condition num-
bers are shown in Fig. 2.

We failed to estimate conditionnumbers for Hermite polynomials
of degrees 6-8. Again the integrated Legendre case shows smallest
condition numbers, and the condition number is independentof the
order of the polynomial being used.

Mass on a Nonlinear Softening Spring
A damped oscillation of a mass on a nonlinear softening spring
model with a time length, 0 < ¢ < 5, is represented by

Mii(t) + Cu(t) + a tanh[u(1)] =0 (15)
with initial conditions

u(0) =0, 1(0) =25.0
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Fig. 2 Condition numbers of augmented stiffness matrix: hardening
spring model.

for the following values of system parameters:
M =10, C = 1.0, o =100.0

To estimate condition numbers, the domain was divided into 50
elements of equal time steps, and the order of polynomials were
again increased from 3 to 8. Figure 3 shows condition numbers of
the augmented stiffness matrix.

We noted that the integrated Legendre case again shows smallest
values and remains unchanged as the number of terms is increased.
The Hermite case shows extremely high condition numbers as the
order of the polynomialis increased.

Two-Degree-of-Freedom System Having Cubic Nonlinearities
As a fourth example, a two-degree-of-freedomsystem governed
by differentialequationshavingcubicnonlinearities'? is considered:

iy + oy + 200, + ayul + opuiuy + oguui 4 oqul =0 (16)
iiy + @luy + 200, + asu + aguiu, + oquyui 4 ogul =0 (17)
with initial conditions

u(0)=1.5, 1,(0)=0.0,
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Fig. 3 Condition numbers of augmented stiffness matrix: softening
spring model.
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Fig.4 Condition numbers of augmented stiffness matrix: two-degree-
of-freedom system with cubic nonlinearities.
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for the following values of the system parameters:

o = 25.0, u, =0.35

a; =5.0, a =0.5, az; = 0.25, a; =3.0
w? = 17.0, ur = 0.25

as = 2.5, as = 0.75, a; =0.2, a3 = 5.0

The domain with a range of time, 0 < ¢ < 10, is divided into 100
elements of equal time steps. The estimated condition numbers of
the augmented stiffness matrix is shown in Fig. 4. The results show
very similar trends as those for the case of single-degree-of-frealom
systems.

In the case of Hermite polynomials,again we failed to estimate the
conditionnumbers when higher-orderpolynomials (5-8) were used.
The integrated Legendre case shows the lowest numbers among all
of the polynomials.

Conclusion

Four cases of nonlinear second-order systems are examined for
finding the best polynomials to be used as the basis function in
the hp-version of the time finite element method of solving initial
value problems. Four different types of polynomials, namely, Her-
mite, Chebyshev, Legendre, and integrated Legendre, are evaluated.
Condition numbers of the resulting stiffness matrices are obtained
as a function of number of terms used in the expansion. For all four
examples, the integrated Legendre polynomials show the best per-
formance. The choice of Hermite polynomialsis not recommended
based on the results presented here. Compared with the other poly-
nomials, integrated Legendre polynomialsrequire large CPU times.

Appendix A: Stiffness Matrices
for Single-Degree-of-Freedom Systems
van der Pol’s Oscillator
The nonlinear stiffness matrices, B and B*, for van der Pol’s
oscillator take the following forms:

[—0.50E -2 031E+2 —033E-2
0.00E+0 —032E+4 O0.84E+2
—-033E -2 —-021E+2 —-017E+5
B=| 000E+0 0.64E+4 —0.30E+3
—040E -2 —-025E+2 O0.12E+6
0.00E+0 0.13E+5 0.16E +4
L 0.10E+1 —020E+1 0.20E+1
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Mass on a Nonlinear Hardening Spring
The stiffness matrix B;; for the transientresponse has the follow-
ing form:

Ty . .
B = / (Kyix; +Cyix; — My, x;)dt

To

(A3)

whereas the nonlinear stiffness matrix B;:

; for the response sensitiv-
ity takes the following form:

2

) a
Mass on a Nonlinear Softening Spring
The stiffness matrix B;; for the transientresponse takes the form

N
Z qi1x

=1

Ty
B} = B; + / 3uwix; (A4)
To

Ty . .o
B;; = / (Cyix; — My, x;)dt

To

(A5)

whereas the nonlinear stiffness matrix B;; for the response sensitiv-
ity takes the form

Kl//in

—_—dt
cosh’( PRI ax)

Ty
Bl = B;; + / (A6)

To

Appendix B: Augmented Stiffness Matrix
for van der Pol’s Oscillator

Numerical values of the augmented matrix for the transient re-
sponse case in van der Pol’s oscillator are presented. The values
were generatedusing Hermite and integrated Legendre polynomials
of degree 7 as basis functions. The values for the response sensitivity
case are similar.

Two-digit rounding values of the matrix B using Hermite poly-
nomials are reported as

Two-digit rounding values of the matrix B using integrated Legendre polynomials are reported as

[—0.20E+3 0.20E +3 0.10E + 1
0.20E+3 —020E+3 —-0.11E+1
—0.13E+1 O0.13E+1 —0.40E +3
B=|—-036E—-2 036E -2 0.74E +0
054E -1 —-054E—-1 031E-2
0.00E +0 0.00E+0 —0.50E -1
| 0.10E +1 0.00E +0 0.00E +0
Ty N :
B = /T ' {l//i)(j + El//i)é_,»|:(z %X/) - 1i| - WIX,} dr (AD)
0 =1
Ty N N
B =By + /T ' 26wix,,»(2 q:x:) ( > qw@) dt (A2)
0 =1 m=1

where B is explicitly derived from Eq. (6).

—0.63E +2 —040E -2 —0.13E+4+3 O0.10E+1 ]
0.64E+4 —0.60E+3 O0.13E+5 0.20E + 1
0.18E +3 0.12E+6 —0.18E+4 020E+1
—054E +5 O0.24E+4 0.56E +6 —0.40E +1
—0.11E+4 —096E+6 O0.17E+5 —0.20E+2
0.56E+6 —0.14E+5 —-085E+7 —0.80E+1
040E+1 —020E+2 0.80E+1 0.00E +0 |
0.33E+0 —0.16E4+0 0.00E+0 0.00E+0T]
0.31E+0 0.16E +0 0.00E+0 O0.10E+1
—096E +0 —049E -2 0.10E+1 0.00E+0
—040E +3 —-0.56E+4+0 —-0.32E—2 0.00E+0
051E+0 —040E+3 —-041E+0 O0.00E+0
0.23E -2 038E+0 —040E+3 0.00E+0
0.00E +0 0.00E +0 0.00E +0 0.00E + 0|
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